A retraction f of a graph G is an edge-preserving mapping of G with f(v) = v for all v ∈ V (H ), where H is the subgraph induced by the range of f. A graph G is called End-orthodox (End-regular) if its endomorphism monoid End X is orthodox (regular) in the semigroup sense. It is known that a graph is End-orthodox if it is End-regular and the composition of any two retractions is also a retraction. The retractions of split graphs are given and End-orthodox split graphs are characterized. c 2002 Elsevier Science B.V. All rights reserved.
For a graph, we have its automorphism group and (strong) endomorphism monoid. There have been systematic and interesting results on graphs and their automorphism groups. Some authors considered graphs and their (strong) endomorphism monoids recently. Knauer investigated the graph whose automorphism group and endomorphism monoid coincide [9] . Knauer, Fan and Li studied graphs and their strong endomorphism monoids [4, 10, 11] . Fan and Wilkeit characterized independently bipartite graphs whose endomorphism monoids are regular in the semigroup sense [1, 12] . The aim of this study is to relate the structure of graphs to the corresponding algebraic properties of their endomorphism monoids.
It is interesting that End-regular graphs (and End-orthodox graphs) are closely related to retracts (and retractions) and isomorphisms between induced subgraphs of graphs [1, 2] . Split graphs were introduced and studied by Foldes and Hammer [5] . Klavzar [8] characterized retracts of split graphs. Fan [3] characterized End-regular split graphs Supported by the National Natural Science Foundation of China (19901012). E-mail address: tfsh@jnu.edu.cn (S. Fan).
by using Klavzar' results. In this paper, we continue to investigate retractions of split graphs and characterize End-orthodox split graphs.
Recall that an element a in a monoid S is regular if there exists b in S such that aba = a; a monoid S is regular if each element in S is regular. An element e in S is an idempotent if e = ee. A regular monoid S is orthodox if the product of any two idempotents is an idempotent.
Refer to Refs. [2, 3] for the notation and terminology used in this paper. Let f be an endomorphism of a graph S. The symbols ran(f) and R(f) will be used to denote the range of the mapping f and the subgraph induced by ran(f). So, an endomorphism of G is a retraction if and only if f is an idempotent in the endomorphism monoid End G. An induced subgraph H of G is called a retract if there exists a retraction f such that H = R(f).
A graph G is said to be End-regular (End-orthodox) if its endomorphism monoid End G is regular (orthodox). Since any orthodox monoid is regular, and End-orthodox graph is End-regular. By deÿnition, we know that an End-regular graph is End-orthodox if and only if for any retractions f and g of G, the composition fg is also a retraction of G. See [2] for details.
A subset U of V (G) is called complete if every two distinct vertices of U are adjacent, and is called independent if no two vertices in U are adjacent. A graph G is called split if there is a partition V (G) = K ∪ S of its vertex set into a complete set K and an independent set S. Split graphs are 'half-way' between bipartite graphs and their complements. See [5, 8] for details.
From [8] , we can always assume that any split graph G has a unique partition V (G) = K ∪ S, where K = {x 1 ; x 2 ; : : : ; x n } is a maximum complete set and S = {y 1 ; y 2 ; : : : ; y m } is an independent set. The degree d(v) of a vertex v ∈ V (G) is the number of edges incident with v. Then for each y j ∈ S, 16d(y j )6n − 1.
Lemma 2.1 (Fan [3] ). Let G be a split graph with V (G) = K ∪ S, where K = {x 1 ; x 2 ; : : : ; x n } is a maximum complete set and S = {y 1 ; y 2 ; : : : ; y m } is an independent set. For any endomorphism f of G, exactly one of the following conditions holds:
Lemma 2.2 (Fan [3] ). Let G be a split graph with V (G) = K ∪ S, where K = {x 1 ; x 2 ; : : : ; x n } is a maximum complete set and S = {y 1 ; y 2 ; : : : ; y m } is an independent set. Then G is End-regular if and only if exactly one of the following conditions holds:
The neighborhood N (v) of a vertex v ∈ V (G) is the set of vertices adjacent to v. The following lemma is straightforward. Lemma 2.3. Let G be a split graph with V (G) = K ∪ S, where K = {x 1 ; x 2 ; : : : ; x n } is a maximum complete set and S = {y 1 ; y 2 ; : : : ; y m } is an independent set. Then a mapping f on the set V (G) is a retraction of G if and only if one of the following conditions holds:
(C 1 ) For x ∈ K; f(x) = x; for y ∈ S, either f(y) ∈ K\N (y) or f(y) ∈ S, in this case, N (y) ⊆ N (f(y)); f(f(y)) = f(y).
(C 2 ) For some x i ∈ K, f(x i ) = y j ∈ S, where y j is adjacent to every vertex of K except x i ; for x ∈ K\{x i }, f(x) = x; f(y j ) = y j ; for y ∈ N (x i ) ∩ S; f(y) ∈ N (y j )\N (y); for y ∈ S\(N (x i ) ∪ {y j }), either f(y) ∈ K\N (y) or f(y) ∈ S, in this case, N (y) ⊆ N (f(y)) and f(f(y)) = f(y).
Lemma 2.4. Let G be a split graph with V (G) = K ∪ S, where K = {x 1 ; x 2 ; : : : ; x n } is a maximum complete set and S = {y 1 ; y 2 ; : : : ; y m } is an independent set. If for some i = j; N (y i ) ⊆ N (y j ), then G is not End-orthodox.
Proof. Let f be the retraction that maps y i to y j and ÿxes all other vertices, and let g be the retraction that maps y j to some x k not adjacent to y i and ÿxes the other vertices. Now fg(y i ) = y j = x k = fg(y j ), so fg is not a retraction. The lemma is proved.
The main result in this paper is the following theorem.
Theorem 2.5. Let G be a split graph with V (G) = K ∪ S, where K = {x 1 ; x 2 ; : : : ; x n } is a maximum complete set and S = {y 1 ; y 2 ; : : : ; y m } is an independent set. Then G is End-orthodox if and only if exactly one of the following conditions holds:
(1) d(y)¡n − 1 for all y ∈ S. Moreover, N (y i ) * N (y j ) for all y i ; y j ; i = j (i; j ∈ {1; 2; : : : ; m}), (2) d(y) = n −1 for all y ∈ S. Moreover, m6n and after reindexing {x j ; y j } ∈ E(G) for every j ∈ {1; 2; : : : ; m}.
Proof. By Lemmas 2.2 and 2.4 the 'only if ' part is obvious.
On the other hand, if condition (1) or (2) holds, by Lemma 2.2 and the deÿnition of End-orthodox graphs, we only need to prove that the composition of any two retractions of G is a retraction in each case.
Case 1: Let f be an arbitrary retraction of G. Then by Lemma 2.3 f(K) = K and for any j, either f(y j ) = y j or f(y j ) = x k for some x k not adjacent to y j . It is a routine to show that the composition of any two such retractions is a retraction.
Case 2: Without loss of generality assume that y i is not adjacent to x i for i=1; 2; : : : ; m. Let f be an arbitrary retraction of G. Then by Lemma 2.3 f acts in one of the following ways:
(i) f(K) = K, and for any j, either f(y j ) = y j or f(y j ) = x j ; (ii) for some i, f(x i ) = y i , for j = i; f(y j ) = x j , and f is ÿxed otherwise. It is straightforward to see that the composition of any two such retractions is a retraction. The proof is complete.
Remark. Let K = {x 1 ; x 2 ; : : : ; x n }; S = {y 1 ; y 2 ; : : : ; y m }; m6n. Let G 1 be a graph, where V (G 1 ) = K ∪ S; E(G 1 ) = {{x i ; x j } | i = j; i; j = 1; 2; : : : ; n} ∪ {{x j ; y j } | j = 1; 2; : : : ; m}; G 2 be a graph, where V (G 2 ) = K ∪ S; E(G 2 ) = {{x i ; x j } | i = j; i; j = 1; 2; : : : ; n} ∪ {{x i ; y j } | i = j; i = 1; 2; : : : ; n; j = 1; 2; : : : ; m}. Then G 1 and G 2 are split graphs, respectively, fulÿlling conditions (1) and (2) in Theorem 2.5. By Theorem 2.5, both G 1 and G 2 are End-orthodox. Furthermore, notice that a split graph G satisÿes condition (2) in Theorem 2.5 if and only if G = G 2 .
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